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==========

The following definition is well known in the literature as convex function:
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Main results {#Sec2}
============

To prove our main result, we need the following definition and lemma.

**Definition 1** {#FPar1}
----------------
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**Observation 2** {#FPar2}
-----------------

It is clear that, any strongly s-convex function is a strong convex function but the converse is not true in general.

Now we prove the following lemma:

**Lemma 3** {#FPar3}
-----------
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*Proof* {#FPar4}
-------
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*Proof* {#FPar6}
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                \begin{document}$$\begin{aligned}&\left| {\frac{1}{6}\left[ {f\left( a \right) +2f\left( {\frac{3a+b}{4}} \right) +2f\left( {\frac{a+3b}{4}} \right) +f\left( b \right) } \right] -\frac{1}{b-a}\int \limits _a^b {f(x)dx} } \right| \\&\quad \le \frac{\left( {b-a} \right) ^2}{96}\left[ {\begin{array}{l} \int \limits _0^1 {\psi \left( {1-\psi } \right) \left| {{f}''\left( {\frac{3+\psi }{4}a+\frac{1-\psi }{4}b} \right) } \right| } d\psi \\ +\int \limits _0^1 {\psi \left( {1-\psi } \right) \left| {{f}''\left( {\frac{1+\psi }{4}a+\frac{3-\psi }{4}b} \right) } \right| } d\psi +\int \limits _0^1 {\psi \left( {1-\psi } \right) \left| {{f}''\left( {\frac{\psi }{4}a+\frac{4-\psi }{4}b} \right) } \right| } d\psi \\ \end{array}} \right] \\&\quad \le \frac{\left( {b-a} \right) ^2}{96}\left[ {\int \limits _0^1 {\psi \left( {1-\psi } \right) } d\psi } \right] ^{1-1 / q}\left\{ {\begin{array}{l} \left[ {\int \limits _0^1 {\psi \left( {1-\psi } \right) \left( {\begin{array}{l} \left( {\frac{3+\psi }{4}} \right) ^s \left| {{f}''\left( a \right) } \right| ^q+\left( {\frac{1-\psi }{4}} \right) ^s \left| {{f}''\left( b \right) } \right| ^q \\ -\frac{c\left( {b-a} \right) ^2}{16}\int \limits _0^1 {\psi \left( {1-\psi } \right) ^2\left( {3+\psi } \right) d\psi } \\ \end{array}} \right) } } \right] ^{1 /q} \\ +\left[ {\int \limits _0^1 {\psi \left( {1-\psi } \right) \left( {\begin{array}{l} \left( {\frac{1+\psi }{4}} \right) ^s \left| {{f}''\left( a \right) } \right| ^q+\left( {\frac{3-\psi }{4}} \right) ^s \left| {{f}''\left( b \right) } \right| ^q \\ -\frac{c\left( {b-a} \right) ^2}{16}\int \limits _0^1 {\psi \left( {1-\psi ^2} \right) \left( {3-\psi } \right) d\psi } \\ \end{array}} \right) } } \right] ^{1 / q} \\ +\left[ {\int \limits _0^1 {\psi \left( {1-\psi } \right) \left( {\begin{array}{l} \left( {\frac{\psi }{4}} \right) ^s \left| {{f}''\left( a \right) } \right| ^q+\left( {\frac{4-\psi }{4}} \right) ^s \left| {{f}''\left( b \right) } \right| ^q \\ -\frac{c\left( {b-a} \right) ^2}{16}\int \limits _0^1 {\psi ^2\left( {1-\psi } \right) \left( {4-\psi } \right) d\psi } \\ \end{array}} \right) } } \right] ^{1 /q} \\ \end{array}} \right\} \\&\quad =\frac{6^{1 / q}\left( {b-a} \right) ^2}{576}\left\{ {\begin{array}{l} \left[ {\begin{array}{l} \frac{\left( {s -5} \right) 4^{s +2}+\left( {s +9} \right) 3^{s +2}}{\left( {s +1} \right) \left( {s +2} \right) \left( {s +3} \right) 4^s }\left| {{f}''\left( a \right) } \right| ^q+\frac{1}{\left( {s +2} \right) \left( {s +3} \right) 4^s }\left| {{f}''\left( b \right) } \right| ^q \\ -\frac{17c\left( {b-a} \right) ^2}{960} \\ \end{array}} \right] ^{1 /q} \\ +\left[ {\begin{array}{l} \frac{\left( {s -1} \right) 2^{s +2}+s +5}{\left( {s +1} \right) \left( {s +2} \right) \left( {s +3} \right) 4^s }\left| {{f}''\left( a \right) } \right| ^q+\frac{\left( {s -3} \right) 3^{s +2}+\left( {s +7} \right) 2^{s +2}}{\left( {s +1} \right) \left( {s +2} \right) \left( {s +3} \right) 4^s }\left| {{f}''\left( b \right) } \right| ^q \\ -\frac{37c\left( {b-a} \right) ^2}{960} \\ \end{array}} \right] ^{1 /q} \\ +\left[ {\frac{1}{\left( {s +2} \right) \left( {s +3} \right) 4^s }\left| {{f}''\left( a \right) } \right| ^q+\frac{\left( {s -5} \right) 4^{s +2}+\left( {s +9} \right) 3^{s +2}}{\left( {s +1} \right) \left( {s +2} \right) \left( {s +3} \right) 4^s }\left| {{f}''\left( b \right) } \right| ^q-\frac{17c\left( {b-a} \right) ^2}{960}} \right] ^{1 / q} \\ \end{array}} \right\} . \end{aligned}$$\end{document}$$

**Corollary 5** {#FPar7}
---------------
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**Theorem 6** {#FPar8}
-------------

*Letfbe defined as in Theorem* [4](#FPar5){ref-type="sec"} and the mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left| {\frac{1}{6}\left[ {f\left( a \right) +2f\left( {\frac{3a+b}{4}} \right) +2f\left( {\frac{a+3b}{4}} \right) +f\left( b \right) } \right] -\frac{1}{b-a}\int \limits _a^b {f(x)dx} } \right| \\&\quad \le \frac{\left( {b-a} \right) ^2}{96}\left[ {B\left( {\frac{2q-1}{q-1},\frac{2q-1}{q-1}} \right) } \right] ^{1-1 /q}\left[ {\left( {\frac{1}{4^s \left( {s +1} \right) }} \right) } \right] ^{1/q} \\&\qquad \times \, \left\{ {\begin{array}{l} \left[ {\left( {4^{s +1}-3^{s +1}} \right) \left| {{f}''\left( a \right) } \right| ^q+\left| {{f}''\left( b \right) } \right| ^q-\frac{5c\left( {b-a} \right) ^2\left( {s +1} \right) 4^s }{48}} \right] ^{1/ q} \\ +\left[ {\left( {2^{s +1}-1} \right) \left| {{f}''\left( a \right) } \right| ^q+\left( {3^{s +1}-2^{s +1}} \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{11c\left( {b-a} \right) ^2\left( {s +1} \right) 4^s }{48}} \right] ^{1 /q} \\ +\left[ {\left| {{f}''\left( a \right) } \right| ^q+\left( {4^{s +1}-3^{s +1}} \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{5c\left( {b-a} \right) ^2\left( {s +1} \right) 4^s }{48}} \right] ^{1 /q} \\ \end{array}} \right\} , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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*Proof* {#FPar9}
-------

Using Lemma [3](#FPar3){ref-type="sec"}, strong s-convexity of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left| {\frac{1}{6}\left[ {f\left( a \right) +2f\left( {\frac{3a+b}{4}} \right) +2f\left( {\frac{a+3b}{4}} \right) +f\left( b \right) } \right] -\frac{1}{b-a}\int \limits _a^b {f(x)dx} } \right| \\&\quad \le \frac{\left( {b-a} \right) ^2}{96}\left[ {\begin{array}{l} \int \limits _0^1 {\psi \left( {1-\psi } \right) \left| {{f}''\left( {\frac{3+\psi }{4}a+\frac{1-\psi }{4}b} \right) } \right| } d\psi \\ +\int \limits _0^1 {\psi \left( {1-\psi } \right) \left| {{f}''\left( {\frac{1+\psi }{4}a+\frac{3-\psi }{4}b} \right) } \right| } d\psi +\int \limits _0^1 {\psi \left( {1-\psi } \right) \left| {{f}''\left( {\frac{\psi }{4}a+\frac{4-\psi }{4}b} \right) } \right| } d\psi \\ \end{array}} \right] \\&\quad \begin{array}{l} \le \frac{\left( {b-a} \right) ^2}{96}\left[ {\int \limits _0^1 {\left[ {\psi \left( {1-\psi } \right) } \right] } ^{q / {\left( {q-1} \right) }}d\psi } \right] ^{1-1 / q}\left\{ {\begin{array}{l} \left[ {\left( {\begin{array}{l} \int \limits _0^1 {\left( {\left( {\frac{3+\psi }{4}} \right) ^s \left| {{f}''\left( a \right) } \right| ^q+\left( {\frac{1-\psi }{4}} \right) ^s \left| {{f}''\left( b \right) } \right| ^q} \right) } \\ -\frac{c\left( {b-a} \right) ^2}{16}\int \limits _0^1 {\left( {1-\psi } \right) \left( {3+\psi } \right) d\psi } \\ \end{array}} \right) } \right] ^{1 /q} \\ +\left[ {\left( {\begin{array}{l} \int \limits _0^1 {\left( {\left( {\frac{1+\psi }{4}} \right) ^s \left| {{f}''\left( a \right) } \right| ^q+\left( {\frac{3-\psi }{4}} \right) ^s \left| {{f}''\left( b \right) } \right| ^q} \right) } \\ -\frac{c\left( {b-a} \right) ^2}{16}\int \limits _0^1 {\left( {1-\psi } \right) \left( {3-\psi } \right) d\psi } \\ \end{array}} \right) } \right] ^{1 /q} \\ +\left[ {\left( {\begin{array}{l} \int \limits _0^1 {\left( {\left( {\frac{\psi }{4}} \right) ^s \left| {{f}''\left( a \right) } \right| ^q+\left( {\frac{4-\psi }{4}} \right) ^s \left| {{f}''\left( b \right) } \right| ^q} \right) } \\ -\frac{c\left( {b-a} \right) ^2}{16}\int \limits _0^1 {\psi \left( {4-\psi } \right) d\psi } \\ \end{array}} \right) } \right] ^{1/q} \\ \end{array}} \right\} \\ \end{array}\\&\qquad \times \begin{array}{l} \left| {\frac{1}{6}\left[ {f\left( a \right) +2f\left( {\frac{3a+b}{4}} \right) +2f\left( {\frac{a+3b}{4}} \right) +f\left( b \right) } \right] -\frac{1}{b-a}\int \limits _a^b {f(x)dx} } \right| \\ \le \frac{\left( {b-a} \right) ^2}{96}\left[ {B\left( {\frac{2q-1}{q-1},\frac{2q-1}{q-1}} \right) } \right] ^{1-1/q}\left[ {\left( {\frac{1}{4^s \left( {s +1} \right) }} \right) } \right] ^{1/q} \\ \end{array}\\&\qquad \times \, \left\{ {\begin{array}{l} \left[ {\left( {4^{s +1}-3^{s +1}} \right) \left| {{f}''\left( a \right) } \right| ^q+\left| {{f}''\left( b \right) } \right| ^q-\frac{5c\left( {b-a} \right) ^2\left( {s +1} \right) 4^s }{48}} \right] ^{1/q} \\ +\left[ {\left( {2^{s +1}-1} \right) \left| {{f}''\left( a \right) } \right| ^q+\left( {3^{s +1}-2^{s +1}} \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{11c\left( {b-a} \right) ^2\left( {s +1} \right) 4^s }{48}} \right] ^{1 /q} \\ +\left[ {\left| {{f}''\left( a \right) } \right| ^q+\left( {4^{s +1}-3^{s +1}} \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{5c\left( {b-a} \right) ^2\left( {s +1} \right) 4^s }{48}} \right] ^{1 /q} \end{array}} \right\} . \end{aligned}$$\end{document}$$This completes the proof.

**Theorem 7** {#FPar10}
-------------

*Letfbe defined as in Theorem *[4](#FPar5){ref-type="sec"}*and the mapping*$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left| {\frac{1}{6}\left[ {f\left( a \right) +2f\left( {\frac{3a+b}{4}} \right) +2f\left( {\frac{a+3b}{4}} \right) +f\left( b \right) } \right] -\frac{1}{b-a}\int \limits _a^b {f(x)dx} } \right| \\&\quad \le \frac{\left( {b-a} \right) ^2}{96}\left[ {\frac{\left( {q-1} \right) ^2}{\left( {2q-1} \right) \left( {3q-2} \right) }} \right] ^{1-1 / q}\left[ {\left( {\frac{1}{4^s \left( {s +1} \right) \left( {s +2} \right) }} \right) } \right] ^{1/ q} \\&\qquad \times \,\left\{ {\begin{array}{l} \left[ {\left( {\left( {s -2} \right) 4^{s +1}+3^{s +2}} \right) \left| {{f}''\left( a \right) } \right| ^q+\left| {{f}''\left( b \right) } \right| ^q-\frac{7c\left( {b-a} \right) ^2\left( {s +1} \right) \left( {s +2} \right) 4^s }{192}} \right] ^{1/ q} \\ +\left[ {\left( {2^{s +1}s +1} \right) \left| {{f}''\left( a \right) } \right| ^q+\left( {3^{s +2}-2^{s +1}\left( {s +4} \right) } \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{23c\left( {b-a} \right) ^2\left( {s +1} \right) \left( {s +2} \right) 4^s }{192}} \right] ^{1 / q} \\ +\left[ {\left( {s +1} \right) \left| {{f}''\left( a \right) } \right| ^q+\left( {4^{s +2}-3^{s +1}\left( {s +5} \right) } \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{13c\left( {b-a} \right) ^2\left( {s +1} \right) \left( {s +2} \right) 4^s }{192}} \right] ^{1/ q} \\ \end{array}} \right\} . \\ \end{aligned}$$\end{document}$$

*Proof* {#FPar11}
-------
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                \begin{document}$$\begin{aligned}&\left| {\frac{1}{6}\left[ {f\left( a \right) +2f\left( {\frac{3a+b}{4}} \right) +2f\left( {\frac{a+3b}{4}} \right) +f\left( b \right) } \right] -\frac{1}{b-a}\int \limits _a^b {f(x)dx} } \right| \\&\quad \le \frac{\left( {b-a} \right) ^2}{96}\left[ {\frac{\left( {q-1} \right) ^2}{\left( {2q-1} \right) \left( {3q-2} \right) }} \right] ^{1-1/ q}\left[ {\left( {\frac{1}{4^s \left( {s +1} \right) \left( {s +2} \right) }} \right) } \right] ^{1 /q} \\&\qquad \times \, \left\{ {\begin{array}{l} \left[ {\left( {4^{s +2}-\left( {s +5} \right) 3^{s +1}} \right) \left| {{f}''\left( a \right) } \right| ^q+\left( {s +1} \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{13c\left( {b-a} \right) ^2\left( {s +1} \right) \left( {s +2} \right) 4^s }{192}} \right] ^{1/q} \\ +\left[ {\left( {2^{s +2}-s -3} \right) \left| {{f}''\left( a \right) } \right| ^q+\left( {3^{s +1}\left( {s -1} \right) -2^{s +2}} \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{21c\left( {b-a} \right) ^2\left( {s +1} \right) \left( {s +2} \right) 4^s }{192}} \right] ^{1/q} \\ +\left[ {\left| {{f}''\left( a \right) } \right| ^q+\left( {\left( {s -2} \right) 4^{s +1}+3^{s +2}} \right) \left| {{f}''\left( b \right) } \right| ^q-\frac{7c\left( {b-a} \right) ^2\left( {s +1} \right) \left( {s +2} \right) 4^s }{192}} \right] ^{1/ q} \\ \end{array}} \right\} . \end{aligned}$$\end{document}$$

*Proof* {#FPar13}
-------
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Conclusion {#Sec3}
==========

We incorporated notion of "strongly s-convex function" and proved a new integral identity. Some new inequalities of Simpson type for strongly s-convex function utilizing integral identity and Holder's inequality are also considered. These results give better estimates as presented earlier in the literature.
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